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Abstract

Currency risk is all-pervasive in finance and economics, as all financial observations are denominated in risky
base currencies. This paper presents a new currency independent numeraire based on: (i) no arbitrage, (ii)
equal treatment of all assets, and (iii) recognition of base currencies as assets. This generalises existing
theory and reinterprets many empirical phenomena as artefacts of arbitrary base currency choice. It is
shown that: increased asset volatility coincides with increased correlation between assets; aggregate spot
and forward yields are zero; forward prices are biased predictors of future spot prices; and, unaccounted
base currency risk explains the Equity Risk Premium Puzzle. A high correlation between the US dollar and
US consumption is identified, and this results in US dollar prices approximating a numeraire under which
consumption-based asset pricing fails unless log-utility holds. We hypothesise that this correlation is due to
widespread pegging of US income and expenditure to US dollar denominated constants.
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1. Introduction

Financial observations are most commonly denominated in fiat® base currencies. Fiat currencies are readily
accepted mediums of exchange against which we sell our labour, pay taxes and purchase items for investment
and consumption. These units of measurement therefore seem natural to us because they are ubiquitous in
our daily lives. This has lead to fiat base currencies being commonly employed as units of measurement in
financial and economic theory.

The widespread use of an asset as a medium of exchange is a social phenomenon motivated by several
factors including: designation by authority, universal acceptability, ease of transfer and carriage, homo-
geneity, divisibility, an appropriate level of abundance/scarcity, and stability of purchasing power. Whilst
popular fiat currencies such as the US dollar are designed to satisfy these criteria, they only do so approxi-
mately. In particular, it is widely recognised that inflation and deflation exist and that the purchasing power
of fiat currencies varies.

The US dollar price of an apple tells us the ratio at which US dollars and apples can be exchanged for
one another. This is the defining feature of prices: they tell us the ratio at which assets can be exchanged
for each other. Provided the ratio of exchange remains unchanged it should not matter whether we look at
the price of apples denominated in US dollars, or the price of US dollars denominated in apples, or indeed
the price of both assets denominated in a third asset such as British pounds, or denominated in some other
purely theoretical numeraire.

It is therefore surprising to discover that much existing theory is sensitive to the choice of base currency,
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even though this choice does not change the ratios of exchange between assets. For example, a US dollar
denominated theory might claim that US dollar cash is risk-free and suitable for investors with highly risk-
averse utility. But from the perspective of the same theory denominated in British pounds, US dollar cash
is a risky asset and sterling cash is risk-free instead. This definition of risk is therefore dependent on the
arbitrary choice of base currency.

The choice of base currency is crucially important for theories of finance that rely on rationalising the
behaviour of market participants in response to risk because the base currency asset is effectively an arbi-
trarily specified risk-free asset. The fact that base currency choice is arbitrary bodes ill for the ability of
any economic or financial theory based on risk preferences to fit empirical data. To restore objectivity to
the notion of risk we require a non-arbitrary numeraire designed for this purpose.

In this paper we present a new currency independent numeraire to solve the problem of arbitrary base
currency choice. We call this numeraire the ‘Ratio Unit of Exchange’, or RUE for short. RUE is motivated
by three core principles: (i) no arbitrage, (ii) equal treatment of all assets, and (iii) recognition of base
currencies as assets.

We will see that existing theory applies to a RUE denominated world. But when this RUE denominated
world is viewed denominated in a fiat base currency, the conclusions differ from those obtained by the usual
approach of applying theory directly to fiat currency denominated variables. The use of RUE results in an
improved fit between theory and reality.

2. The Ratio Unit of Exchange (RUE)

2.0.1. The RUE Framework
The RUE framework is a very general construction based on three core principles: (i) no arbitrage, (ii) equal
treatment of all assets, and (iii) recognition of base currencies as assets.

We assume a market of N + 1 > 2 homogeneous and perfectly divisible tradable assets in which trad-
ing takes place continuously and short selling is allowed. Consistent with principle (iii), we regard base
currencies as tradable assets in their own right.

Consistent with principle (ii) we assume that all tradable assets are exchangeable for other assets at some
time-varying positive ratio of exchange. Let E;;(t) > 0 be the amount of asset j that is exchangeable for
one unit of asset ¢ at time ¢ € [0, 00).

If there is no instantaneous arbitrage at time ¢ then for all 4,5 € {0,1,..., N}
Eij(t) = 1/Ej(t). (1)
In addition, for all 4,5,k € {0,1,..., N} we require for absence of arbitrage that
Eij(t) = Ei(t)Er; (t). (2)

Consistent with principle (i), we assume that instantaneous arbitrage opportunities at any time ¢ are suffi-
ciently obvious to be fully exploited, so equations (1) and (2) hold.

We can then conveniently parametrise this arrangement, consistent with principle (ii), by assigning a price
process, P;(t) > 0, to each asset i € {0,1,..., N} such that E;;(t) = P;i(t)/P;(t) for all 4,5 € {0,1,...,N}.

We call the units these prices are measured in the ‘Ratio Unit of Exchange’, or RUE for short.

When we say an apple is worth $1, we mean that apples and US dollars are exchangeable at a rate of
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$1 per apple. Usually prices involve the ratio of two assets because they are used to gauge the value of assets
relative to one another. A list of three US dollar stock prices relates the relative values of four assets: the
three stocks, plus US dollars. In contrast, the RUE framework assigns each single asset an individual RUE
price, so the number of RUE prices always equals the number of assets. Each asset has its own RUE price
that applies to it alone.

For every asset i there is a corresponding RUE price process, P;(t), and the ratios of these price pro-
cesses tell us the ratios of exchange between assets. For example, if Pg(t) is the RUE price process of one
US dollar then the US dollar price of asset i is given by P;(t)/Ps(t). Similarly, if Pg(t) is the RUE price
process of one British pound then the sterling price of asset ¢ is given by P;(t)/Pg(t). The GBP/USD foreign
exchange rate® is then given by Pg(t)/Ps(t).

If we know the RUE price process P;(t) of asset j we can calculate the corresponding RUE price process of
each asset i € {0,1,..., N} as follows:
Py(t) := Pj(t) Ei;(t). (3)

The RUE price processes, P;(t) for i € {0,1,..., N}, are therefore unique up to a single time-varying factor,
namely, the RUE price process of any single asset j.

In keeping with principle (ii), we assume that the RUE price processes P;(t) obey dynamics of an iden-
tical general form for every asset ¢ € {0,1,..., N}. This assumption means that risk in ratios of exchange is
attributable to RUE asset price dynamics via a process of statistical estimation that treats all assets equally.

For the avoidance of doubt, we can choose any general form we please for RUE price process dynamics
as long as we use the same general form for each asset. When we come to statistically estimate the pa-
rameters of this general form we will find that different assets have different parameter values and behave
differently as a result. The important point is that we have let the process of statistical estimation using
empirical data tell us about these differences without imposing them as assumptions. Each asset is subject
to equal treatment in this process of parameter estimation, and any eventual differences in asset behaviour
arise from unbiased analysis of empirical data.

In summary, the RUE framework proposes that:

1. Every asset ¢ € {0,1,..., N} is assigned a price process P;(t) > 0.
2. Each price process P;(t) has dynamics of an identical general form.

3. The ratios of exchange between assets are given by the ratios of the price processes, so E;;(t) =
P;(t)/P;(¢t) for all 4,j € {0,1,...,N}.

The RUE numeraire is therefore a transformation of commonly observed market prices that is equally
consistent with observed market behaviour (ratios of exchange) as the raw market prices, but exhibits
symmetry in the sense that all assets are treated equally, whether they are fiat currencies or not. This
symmetrical parametrisation of relative value and risk, where each asset’s RUE price dynamics describes
the risk attributable to that asset, avoids the usual practice of arbitrarily specifying a base currency asset.

2.0.2. Comparison with the Usual Approach
The usual base currency approach proposes that:

1. Every asset i € {0,1,..., N} is assigned a price process P;(t) > 0.

2. The price process of an arbitrarily selected base currency asset b € {0,1,..., N} is identically one,
Pb(t) =1.

4The number of US dollars exchangeable for one British pound.



3. The ratios of exchange between assets are given by the ratios of the price processes, so E;;(t) =
Pi(t)/P;(¢t) for all4,j € {0,1,...,N}.

Prices denominated in a base currency coincide with RUE prices if and only if the RUE price process of
the base currency asset is identically one. Using an asset as a base currency is therefore consistent with no
risk inherent to that asset under RUE, our symmetric parametrisation of risk. For example, using US dollar
prices is equivalent to using RUE prices where we have set the RUE price process of US dollars identically
equal to one. Using US dollars as a base currency is therefore consistent with no risk attributable to the
US dollar asset under RUE. There is therefore an asymmetry in the treatment of the base currency asset
versus all other assets under the usual base currency approach.

We require the RUE framework because base currencies are assets themselves, subject to the pressures
of supply and demand, and exhibiting risk. For example, if Py is the RUE price of US dollars, equal to the
number of RUE per one US dollar, or in exchange rate notation, USD/RUE, then the process Pg(t) > 0
for t € [0,00) captures all the risk attributable to one US dollar. A bout of hyperinflation in US dollar
denominated prices is then easily explained by a rapid decline in the value of Pg, and so is attributable to
the behaviour of the US dollar asset alone. Under the usual base currency approach, using the US dollar
asset as a base currency, hyperinflation is attributable to a simultaneous change in the behaviour of all
assets except the US dollar asset. This interpretation of events seems unnecessarily complex and relatively
unlikely to reflect reality.

Naturally, it is entirely possible that the RUE price of a popular base currency, such as US dollars, is
constant and the RUE numeraire is superfluous. However, this is unlikely due to three reasons. Firstly,
the existence of (hyper)inflation and deflation provide strong empirical evidence that prices often move in
ways that are most easily explained by changes in the RUE price of the base currency concerned. Secondly,
volatility in foreign exchange rates (e.g. Pg/Ps) tells us that the relative values of different fiat currency
assets varies considerably, and so if there does exist an unusual fiat currency with constant RUE price, other
fiat currencies cannot share this property. Finally, there are many other equally plausible candidates that
might be considered to have constant RUE price: gold, silver, oil, water, oxygen, land, EUR, CNY, GBP,
bitcoin, human life, energy, spacetime, information, happiness, and units of utility, to name a few.

RUE is a generalisation of the usual base currency approach. If it transpires that the RUE price pro-
cess of any asset is constant with zero drift then RUE framework is equivalent to the usual base currency
approach as long as we use the constant RUE price asset as our base currency. The beauty of the RUE
framework is that we do not have to specify in advance what this base currency asset is or whether it exists.

From a practical perspective, the primary disadvantage of RUE prices is that they are not directly ob-
servable and need to be estimated statistically. This process of statistical estimation is dependent on the
empirical data used and the general form of the dynamics assumed for RUE price processes. We later provide
two methods of estimating RUE prices from empirical price data assuming geometric Brownian RUE price
dynamics.

Under the RUE framework, no distinction is made between fiat currencies and other assets. So arguments in
favour of the RUE framework survive even in a world with only one fiat currency. To arrive at the usual base
currency approach we would need to argue that none of the movement in fiat currency denominated prices
is attributable to the fiat currency asset. This is difficult to argue statistically given inflation and deflation,
which are widely recognised as resulting from changes in the purchasing power of fiat base currency.

2.0.3. Investable Basis

To provide a simple framework in which to model market behaviour under RUE, we assume a basis of
tradable assets. Assume that under RUE there are N + 1 independent assets. We denote the total value of
each basis asset ¢ denominated in RUE at time ¢ by A;(¢t) > 0 for ¢ € {0,1,...,N} and ¢ € [0, 00).
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The basis spans the entire Market. This means that any asset can be instantaneously represented by a
linear combination of basis assets. The total value of the Market, M (t) > 0 for t € [0, 00), is defined to be
the total value in RUE of all assets that have value. Therefore

N
M(t) = A(t). (4)
=0

The Market includes all fiat currencies, equities, bonds, commodities, real estate assets and economic fac-
tors of production that are available in return for other assets. Anything with a ratio of exchange is included.

The basis is orthogonal, with each basis asset uncorrelated to every other. This can be thought of as
the result of a principal components decomposition of all RUE denominated assets in the Market into or-
thogonal principal components.

We assume a probability space (2, F,P), where ) represents the state-space, and P is the probability
measure. The filtration F, := {F : s € [0,t]} represents all the information available at time s from the
o-algebra representing all measurable events, F.

The risky basis assets are driven by a collection of N independent Brownian motions {Wi(t),..., Wx(¢) :
t € [0,00)}. We assume the dynamics of basis asset i are given by the following geometric Brownian motion:
dA;(t

foralli € {1,2,...,N} and t € [0, 00), with
(dW;, dW;) = b;;dt (6)

for all 4,5 € {1,2,..., N}, where (a,b) denotes the cross-quadratic variation of ¢ and b, and 6;; is the Kro-
necker delta equal to one if i = j and zero otherwise. The drift of asset 4, p;(F;), and volatility of asset 4,
o;(Ft) > 0, are adapted to the filtration, F;, equivalent to all information known at time ¢.

In order to be able to import existing theory into the RUE framework we allow for a RUE denominated
risk-free asset Ag. This asset follows RUE price dynamics of the same general form as all the other assets,
except with volatility set to zero, oo = 0. For readers uncomfortable with this assumption on the grounds
that we do not know in advance if such a risk-free basis asset exists denominated in RUE, it is possible to
think of this asset as an approximation to the least risky asset that could be obtained by forming a minimum
volatility portfolio from all the basis assets available.

For each basis asset, i € {0,1,..., N}, we denote the total quantity of the asset by Q;(t) > 0 and the
RUE price of the asset by P;(t) > 0, where A;(t) = P;(t)Q;(t) for t € [0,00). In this paper, the quantities

of basis assets are assumed constant. So for all assets ¢ € {0,1,..., N}, d4; = Q;dP; and so
dA, dP;
L - B (7)

This may appear an unrealistic assumption, however, recall that our basis spans all investable assets. This
means that, with the exception of new investable assets being unexpectedly discovered, or created out of
something with zero value, changes in quantities are largely illusory. If A and B are basis assets, the com-
bination of A and B into a new compound asset C' does not change the quantities of the basis assets A and
B, only their cosmetic appearance.

Due to assuming the existence of the risk-free asset Ag, only N of our N + 1 basis assets are risky. This
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can be compared to the situation under the usual base currency approach where only N of the N + 1 assets
are risky due to the base currency asset being assumed risk-free. So the RUE framework with a risk-free
basis asset has the same dimensionality of Market risk as the usual base currency approach. The crucial
distinction is that Ag is a generalised risk-free basis asset and we do not pre-specify its composition in terms
of real-world assets, whereas the risk-free asset under the usual base currency approach is an arbitrarily
selected real-world asset.

Recall that RUE prices are a symmetrical parametrisation of risk and return in the observable ratios of
exchange between assets. The risk-free asset Ag is instantaneously risk-free denominated in RUE, but will
appear risky denominated in any base currency asset (except itself) due to the risk in the RUE price of the
base currency. For example, the US dollar denominated price of the risk-free asset Ag/ Py is risky due to the
volatility of the US dollar asset. We speculate that Ay is likely to resemble a well-diversified global portfolio
of assets.

2.0.4. Net Income Yields
We define Net Income Yields to be returns that accrue to holders of an asset as a benefit or cost attached
to asset ownership, separately and in addition to returns resulting from changes in ratios of exchange.

All assets have the ability to earn economic rent or incur a cost of carry for their holder. Net Income
Yields are income streams (transfers of wealth) that accrue to the holders of assets, but do not accrue
directly to the ratio of exchange between assets.

For example, bond coupons are a Net Income Yield accruing to bond holders, dividend yields are a Net
Income Yield accruing to stock holders, and the cost of carry for copper is a Net Income Yield accruing to
holders of physical copper. In particular, interest rates are a Net Income Yield accruing to holders of fiat
currency assets.

Consistent with the principle of equal treatment of all assets, we define a Net Income Yield process y;(t) € R
for each basis asset i for ¢ € {0,1,..., N} such that the RUE denominated income accruing to the holder of
basis asset 7 over time interval dt as a result of Net Income Yield is y;(t)A;(¢)d¢. So a portfolio P holding ba-
sis asset ¢ and reinvesting Net Income Yield into basis asset i grows according to dP/P = (u; +y;)dt +o;dW;.
Each y;(¢) is free to vary stochastically, is instantaneously risk-free, and is adapted to the filtration F;.

Being short an asset earns negative the Net Income Yield. The reason for this is that an asset must
be borrowed before it can be sold short. If an asset pays a positive Net Income Yield the holder lending the
asset needs to be compensated by the borrower for the Net Income Yield they forgo during the period the
asset is lent. Similarly, if the Net Income Yield to the asset holder is negative the borrower needs to receive
negative the Net Income Yield to compensate them for the cost of carrying the asset. This is consistent with
market behaviour. Someone who is short cash must pay interest (Net Income Yield) rather than earning it,
likewise, someone who is short stock must pay the dividends (Net Income Yield) earned by the stock to the
stock lender.

Consider a RUE denominated portfolio with value P holding US dollars and reinvesting Net Income Yield
into the US dollar asset. Let the RUE price of one US dollar be given by Ps with

dP$/P$ = M$dt + O'$dW§, (8)

where pg is the drift and og is the volatility of Pg, and W is the Brownian motion driving US dollar RUE
price risk. If the Net Income Yield for the US dollar asset is yg then the RUE price dynamics of the portfolio
P are given by

dP/P = (ug+ ys)dt + ogdWy. (9)
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The US dollar price of the portfolio is given by P/Ps so the US dollar denominated dynamics for a portfolio
of US dollars are given via It6 by

d[P/Ps]/[P/Ps] = ysdt. (10)

This shows that the spot rate on a portfolio of US dollars, denominated in the US dollar asset, is equal to
the Net Income Yield for the US dollar asset. This is because one US dollar is always worth one US dollar,
so the price of US dollars denominated in US dollars is constant with zero drift. A US dollar cash account
will therefore earn zero spot rate due to movements in the RUE price of US dollars, and relies on wealth to
flow into the account if spot rates are to be positive as empirically observed.

Given that US dollars are not given special treatment under the RUE framework, a corresponding result
holds for all other assets. The spot rate on any portfolio, denominated in the assets held in that portfolio,
equals the Net Income Yield of that portfolio. For example, the spot dividend rate on a portfolio of equities
is equal to the Net Income Yield of that portfolio of equities.

Recall that the RUE denominated value of the Market portfolio, denoted M, and representing the total
value of all assets, is given by

N
M = Z A; (11)
i=0
which tells us that
N
dM = Z [Aiuidt + AiO'Z‘dWi] . (12)
i=0

Now consider the value of a portfolio, P, that owns the Market portfolio. We know by definition that M = P
because the Market is the value of all assets, so dM = dP. But ownership confers the ability of the holder
to earn Net Income Yield, so the instantaneous dynamics for the value of the portfolio are given by

N
dpP = Z [Ai(ﬂi + yi)dt + UidWi] =dM. (13)
=0

It follows from equations (12) and (13) that the aggregate Net Income Yield must be identically zero. The
Net Income Yield of the Market portfolio must be zero because Net Income Yields are transfers of wealth,
and the Market portfolio already holds all assets.

N
=0

Another way of stating this result is to say that the Net Income Yield of the Market portfolio is identically
zero, ypr = 0. This tells us that any portfolio with a non-zero Net Income Yield cannot be the Market
portfolio. For example, the S&P 500 earns a positive Net Income Yield due to dividends so cannot be the
Market portfolio.

2.0.5. Risk-Free Returns
We denote the instantaneous risk-free rate of return under the RUE numeraire by € R and define a risk-free
asset Ap denominated in RUE with dynamics

dAo(?)
Ap(t)

= po(Fe)dt. (15)



The instantaneous risk-free rate, r = ug + o, is the instantaneous rate of return on a portfolio holding the
risk-free asset, is free to vary stochastically, and is adapted to the filtration F;. The risk-free rate under
RUE is a combination of the RUE price drift pg and the Net Income Yield yg enjoyed by holders of the
risk-free asset Ag.

Existing theories often assume that risk-free rates of return are positive, due to investors’ ability to hoard
physical cash and earn a zero return. Under RUE, there is no such constraint. Hoarding physical cash will
result in the return of the risky fiat currency asset concerned denominated in RUE. There is therefore no
refuge from risk with the exception of the risk-free asset, Ag. There is also no constraint that the risk-free
rate of return, r, will be greater or equal to zero.

If there existed two risk-free assets with prices A > 0 and B > 0 under RUE and risk-free rates r4 = pua+ya
and rg = up + yp respectively, with r4 > rp, an arbitrageur could make unlimited risk-free profit under
RUE by going long the higher yielding risk-free asset, and short the lower yielding one. In practical terms,
this arbitrage could be conducted using the ratio of exchange, Eap = A/B, to simultaneously build up
short exposure in B, and long exposure in A. We assume that such an arbitrage is not possible, so r4 = rp.
Therefore r = ug + yo is instantaneously unique.

In practical terms, to invest in Ag it would first be necessary to estimate RUE price volatilities. Investing
to minimise portfolio volatility under RUE would then approximate an investment in the risk-free asset Ag.
Speculating, we imagine that Ay would resemble a well-diversified global portfolio that would appear risky
when denominated in US dollars, due to US dollar risk.

Theoretically, it is possible to construct a hypothetical structured product holding the asset Ay as col-
lateral and issuing risk-free RUE notes worth 1 RUE each that pay out a Net Income Yield of » = po + yo.
The RUE price of these notes will then have zero drift due to the uniqueness of r. The RUE numeraire is
therefore equivalent to the usual base currency approach using one of these notes as the base currency asset,
and 1 RUE is equivalent to the value of one of these notes.

3. Implications for Price Dynamics

Using the RUE framework, we now consider how prices denominated in a base currency asset would appear
to behave due to the risky nature of the base currency under RUE. We find that changes in base currency
volatility drive simultaneous changes in base currency denominated volatilities and correlations.

3.0.6. Asset Volatilities

For simplicity, we restrict our attention here to just three RUE denominated assets, A, B, and C. Let
C(t) > 0 be the price of a fiat base currency such as US dollars, and let A(t) > 0 and B(t) > 0 represent
the prices of two correlated assets. All three assets follow geometric Brownian motion for which we assume
that

dAJA = padt+ oadWa, (16)
dB/B = pupdt+opdWg, (17)
dC/C = pedt+ocdWe, (18)
(AW4,dWg) = papdt, (19)
(dWa,dWe) = 0, (20)
(dWpg,dWe) = 0, (21)

with pa, pg, po constant, o4(t),op(t),oc(t) >0, and —1 < pap(t) < +1.

Denote the ratio of exchange between asset A and asset C by Eac = A/C, then the price of asset A
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denominated in fiat base currency C is Fac.

Via It6 we obtain the dynamics

dEsc/Eac = (pa —/Lc—FO'é)dt—FUAdWA —ocdWe,
1 1
dlog Eac = (,uA — uc + 50%« — 20?4) dt + o odWy — ocdWe. (22)

Base currency volatility therefore contributes simultaneously to both the volatility and drift of base currency
denominated returns.

It follows that when we calculate the variance of the returns of asset A denominated in base currency
C, we are really calculating the variance of the returns of E4¢ as follows:

Esc

VAR(dlog Eac) = < > = (0% + 02)dt, (23)

where (a) denotes the quadratic variation of process a.

The volatility of an asset denominated in a fiat base currency is thus an increasing function of the fiat
currency volatility®. So all other things equal, an increase in base currency volatility under RUE will simul-
taneously increase the variances of asset prices denominated in that base currency.

The commonly accepted explanation for asset variances moving together is that prices are driven by exposure
to common risk factors. To this explanation we add base currency risk as an additional contributor, although
changes in base currency volatility also cause the variances of otherwise uncorrelated assets to move together.

So while it is possible to think of base currency risk as just another risk-factor, base currency risk is a
risk imposed on prices due to our decision to use a particular base currency. This risk is therefore a matter
of personal perspective rather than an objective influence on underlying economic reality.

3.0.7. Asset Correlations
When we calculate the covariance between the returns of assets A and B, both denominated in fiat base
currency C', we are really calculating the covariance between the returns of F4c and Epc as follows:

dEsc dEBc
Eac’ Epc

COV(dlog Exc,dlog Epc) = < > = (papoaop + of)dt. (24)
So the covariance between asset returns denominated in a fiat base currency is a strictly increasing function
of the fiat currency volatility®.

The correlation between the returns of assets A and B when viewed denominated in the fiat currency
C is given by

OACBPAB + 0%
V(0% +02) (0% +o2) .
It can be seen that even if the actual correlation between A and B is zero, base currency volatility will result
in them appearing to have a positive correlation.

Corr(dlog Eac,dlog Epc) = (25)

5 Assuming here the simple case of no correlation between the asset and the fiat base currency. However, even with non-zero
correlation a sufficiently large increase in base currency volatility will always increase the volatility of an asset denominated in
that base currency.

6 A sufficiently large increase in base currency volatility will increase asset return covariances irrespective of asset return
correlations with the base currency (that are here assumed zero).
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If 04 = op then correlation is a strictly increasing function of base currency volatility as follows:

o Corr(dlog Eac,dlog Epc) = 72000’24 (1 )>0 (26)
I — .
doc gLuac, alog Lipc (0,24 0%)2 PAB
Define
04p =04+ 0% —2paBoa0E, (27)

then for o4 # op we see that correlation is still an increasing function of base currency volatility if

9,
sign 8?Corr(dlog Eac,dlog Epc)| = sign (03045 + [20405 — pap(0% + 0%)|oacs) > 0. (28)
c

Or equivalently,
0‘%0’1243 + 20?40%
(0% +o%)oaos

> PAB- (29)

This condition is always satisfied when pap < 0. It also tends to be satisfied unless the return volatilities of
A and B are very different, or unless the correlation between them is close to perfect. Importantly, it holds
irrespective of correlation when o¢ is sufficiently large.

Therefore, all other things equal, an increase in base currency volatility under RUE will tend to simul-
taneously increase both the variances of, and the correlations’ between, assets denominated in that base
currency.

Andersen, Bollerslev, Diebold, and Ebens [1] studied the realised volatility and correlation of thirty US
stocks. They found strong evidence that the variances of different stocks tend to move together, and that
correlations tend to be higher when volatilities are higher. They wrote that “there is a systematic tendency
for the variances to move together, and for the correlations among the different stocks to be high/low when
the variances for the underlying stocks are high/low, and when the correlations among the other stocks are
also high/low.”

While this can be partially explained by changes in the volatility of risk factors, an additional explana-
tion for these findings (and similar behaviour in the volatilities and correlations of different asset classes)
is variation in base currency volatility. Changes in base currency volatility drive simultaneous changes in
asset volatilities, and asset correlations. When base currency volatility is high, the volatility of individual
assets, and the correlation between assets (with some exceptions when equation (29) is not satisfied), will
both tend to be high, and vice-versa.

4. Consumption-Based Asset Pricing

To price assets we now introduce a consumption-based model whereby current prices are assumed to be the
result of optimal trading strategies maximising expected aggregate utility. Forward yields are then shown to
be the result of expected future Net Income Yields. As a consequence of this, instantaneous forward yields
on the Market portfolio are identically zero.

The price of base currency zero coupon bonds is then derived. From this, the standard formula for forward
foreign exchange rates is obtained and forward foreign exchange rates are shown to be biased predictors of
spot foreign exchange rates.

"With a few exceptions when equation (29) is not satisfied. However, for a sufficiently large increase in base currency
volatility this condition is always satisfied.
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4.0.8. Consumption-Based Pricing Fquation

The key idea behind this pricing model is that market participants engage in trading strategies to maximise
the expected aggregate utility of their consumption over time. This kind of approach is well explained in
Cochrane’s book ‘Asset Pricing’ [2].

We assume the existence of a single representative ‘stand-in’ household with utility function v : R — R. In

continuous time, the rate that utility is obtained from RUE denominated consumption at rate ¢, is u(c,).
The expected aggregate utility of consumption at time ¢ is then

U = E Utoo B(t, v)u(ey)dv

]-"t] ) (30)

where 3(t,v) € R for t,v € [0,00) with v > t and S(t,t) = 1 is the subjective discount factor applied to
discount utility from consumption at time v and is known at time ¢ with 5(¢t,v) € F;. This subjective
discount factor represents impatience.

Market participants act to maximise Uy at time t. If e; is an initial rate of RUE denominated consumption
at time ¢ then e; + P, (t)&; is also a possible rate of consumption at time ¢ as a result of selling units of a
general asset P, with RUE price P,(t) at a rate &. If y,(v) is the Net Income Yield accruing to holders of

asset P, then the total rate at which Net Income Yield revenue flows into the portfolio at time v due to the
trading strategy defined by & € R for s € [t,00) is

—P*(v)y*(v)/ Eqds (31)
t
and we wish to maximise

v, = E/MB@MUG@+R@KUR@MJ@LW&®>M

Awaijxfw»m, (32)
where

flo) = /t ¢.ds, (33)

fllv) = &, (34)
Gu £, f") = Btv)E [u(en + Pe(v)f' = Pu(v)y«(v)f)] .

If everything is well-behaved and sufficiently smooth, we can employ calculus of variations to maximise Uy
over all possible trading strategies &, € R for v € [t, 00) which gives for all v > ¢:

d (0G oG
ilor) = o7 )

%{ﬂ(tvv)Et[U’(%)P*(v)]} = —B(t,0)E¢ [u (c) Pu(v)ys(v)]

from which we obtain the pricing equation
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4.0.9. Instantaneous Forward Yields

If we let B$(t,T) denote the time ¢ price of a time T > ¢ maturity US dollar zero coupon bond with
B3(T,T) = $1 then the value of this bond denominated in RUE at time t is B%(t,T)Pg(t). Being a zero
coupon bond means that it accrues zero Net Income Yield. Applying the pricing equation (36) to this RUE
denominated asset and Pg respectively gives

' (e) B3 T)Py(t) = B(t, T)E, [u (cr) B (T, T)Py(T)] (37)
and
BULTIE (W () B(T)) _ ([T B[ () P(@)us(@)]
B p</ E, [ () Py(v)] d)' (3)

Combining equations (37) and (38) tells us that

log B$(t, T) - /T ]Et [’Ll,/ (Cv) P$(v)y$(v)] dv. (39)

e Ee[u(e) Ps(v)]

So the time ¢ instantaneous forward rate f* (t,T) for a US dollar zero coupon bond maturing at time T is
given by

/Tf$(t,v)dv = —log B%(t,T), (40)

E; (v (¢,) P
f$(t71}) — t [u (C/ ) $(U)y$(v)] ) (41)
By [/ (cv) Ps(v)]
This relationship holds generally for the instantaneous forward rates of zero coupon bonds that pay any
asset. For example, if f*(¢,T) is the instantaneous forward rate for a general asset P, zero coupon bond
then

In particular, we know that the Net Income Yield for the Market portfolio is identically zero, yy; = 0. It
follows from equation (42) that spot and forward yields on the Market portfolio are identically zero, with
M (t,v) =0.

4.0.10. Forward Prices

The following analysis generalises to any pair of currencies or assets. Let Pg denote USD/RUE, the price of
US dollars denominated in RUE, and Pg denote GBP/RUE, the price of Pounds sterling denominated in
RUE. We know from equations (37) and (38) that

Bt T)E: [/ (er) Py(D)] _ (‘ / TRl o) Aln() dv> = B(t.T), (43)

u/(ce) Py (t) E, [u/ (cy) Ps(v)]
and
B(t, T)E; [u'(cr)Pe(T)] o [ TR, [t/ (¢y) Pe(v)ye(v)] o) = pe
u/(ct) Pe(t) - p( /t E, [ () Pe(v)] © ) =B*(t,T), (44)

where yg and y, are the Net Income Yields for the US dollar and British pound assets respectively, and
B3(t,T) and B*(t,T) are the US dollar and sterling denominated prices of US dollar and sterling zero
coupon bonds respectively. So

- =3 (45)



Denote the GBP/USD spot exchange rate by F(¢,t) := Pg(t)/Ps(t) and the GBP/USD forward exchange
rate for future time T known at time ¢ by F'(¢,T) € F;. At time ¢ we can engage in a forward contract to
exchange one British pound for US dollars at time T at rate F(¢,T). Doing this we obtain

B [u(er) Pe(T)] _ By [/ (cr) F(t, T) Ps(T)]

E, [u/(CT)p$ (T)] - E; [U’(CT)PS; (T)] = F(t7 T). (46)
Comparing this with equation (45) gives the usual relationship:
£
F(t,T) = F(tt)- M_ un
It is clear that
_ Ei[u(er)Pe(T)]
F(t, T) - Et [UI(CT)PS; (T)} ’ (48)
v - n ]

and in particular,

So
P(,T) = EifP(T.T)] = g - €OV, [u'<cT>P$<T>, i;gﬂ 0. (51)

Forward foreign exchange rates are therefore biased predictors of spot foreign exchange rates.

This result applies to all assets. For example, if we substitute the Market portfolio for GBP then F'(¢,t) and
F(¢,T) become the US dollar denominated spot and forward prices of the Market portfolio, respectively. It
is generally true that forward prices (denominated in any risky asset) are biased predictors of future spot
prices.

5. CAPM & Systematic Risk

The Capital Asset Pricing Model (CAPM) (Treynor [3], Sharpe [4], Lintner [5], Mossin [6]) is a model that
arises from Modern Portfolio Theory (Markowitz [7]). Modern Portfolio Theory specifies a mean-variance
efficient frontier for optimal investment that is linear in the presence of a risk-free asset, and includes
the risk-free asset as the optimal investment with zero risk. CAPM says that if all market participants
invest in mean-variance efficient portfolios, the Market portfolio will also be on this frontier. Diversifiable
idiosyncratic risk will thus be unrewarded and so the expected return of any asset will be a weighted average
of the risk-free return and the return on the Market portfolio.

5.0.11. CAPM in RUE

From the perspective of this paper, Modern Portfolio Theory is sensitive to base currency choice because
this choice arbitrarily defines the risk-free asset. This problem can be avoided by applying Modern Portfolio
Theory and CAPM denominated in RUE. However, another criticism that remains is that mean-variance
optimisation lacks the generality of models based on general utility functions.

To see that CAPM is a special case of the consumption-based pricing equation (36) we first apply the
pricing equation to a zero coupon bond B*(¢,T) paying out one unit of a general asset P, at maturity at
time T'. This bond has RUE price P, (t)B*(¢,T) at time ¢ giving

BX(t, ) (c) P(t) = Bt T)E¢ [u' (er) Pu(T)] . (52)
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Rearranging this gives

B*(t,T) = B(t,T)E, H’((Z) P ] (53)
- ourcon 52 5 o [ [52]

Applying the pricing equation (36) to a RUE zero coupon bond with price B(t,T) paying out 1 RUE at
time T gives

Bt T)u'(c) = B(t, T)E; [u (er)]. (55)
Combining this with equation (53) gives

P(T)]  BLT) P.(T)
Et[mw} = Bwo) B, T)C@Vt[P*@)’A“’T)}’ (56)

where we define

u'(cr)

w'(cr)

A(t7T) = ﬂ(th) (57)

If we now approximate A(¢,T) as a linear function of the performance of the Market portfolio with time-
varying coefficients a(¢,T) € R and b(¢,T) € R both adapted to the filtration F; then

M(T)
M(t)

AGT) = a(t,T)+b(t,T) (58)

Applying this to the time ¢ pricing of a RUE zero coupon bond paying out 1 RUE at time T then equation
(55) gives

(59)

B(t,T) = a(t,T)+b(t,T)E, {M (Tq .

M(t)

Applying the pricing equation (36) to the Market portfolio and recalling that it has zero Net Income Yield
gives

2
V= [ )] = ey [PD] e, (MDY @
So
a(t,T) = B(t, T)E, [M(T)/M(t)]* = By [M(T)/M(t)]
’ VAR, [M(T)/M(1)] !
b, 1) = L= BODEJMT)/ME)

VAR, [M(T)/M(t)]
Substituting for A(t,T) in equation (56) gives the usual CAPM relationship denominated in RUE as follows:
(1)

P(T)] _ BT PT) M(T)

B [P*(t)} ~ B(t,T) B(t T) cov, {p*(t) ca(t,T) +b(t,T) M(t)} (61)
_ BT M(T) 1

=~ BT + (Et [M(t)] - B(t,T)) Beapm Py, M), (62)

where Scapn(Py, M) is the ordinary least squares beta (slope) coefficient of the performance of the asset
P, against the performance of the Market portfolio:

<
E
=
=

Boapm (P, M) = C@Vt|: .

] JVAR, [M <T>] .

M(t)



We later discover that there is a high empirical correlation between USD/RUE and US consumption de-
nominated in RUE. Recall from equation (57) that A(¢,T') is a function of consumption. This means that
it ought to be far more appropriate to approximate A(t,T) as a linear function of USD/RUE than of the
Market portfolio. So let us repeat the derivation of CAPM but this time using a linear function of USD/RUE
to approximate A(t,T') as follows:

Py(T)
Ps(t)

A®T) = a(t,T)+b(t,T) (63)

Fitting the coefficients a(t,T) and b(t,T') as before, using the pricing equation (36) for a RUE zero coupon
bond and the US dollar asset, we obtain

ot T) = B(t, T)E, [Ps(T)/Ps(t))” — E¢ [Ps(T)/Ps(t)]
’ B VAR; [Ps(T)/ Ps(t)] ’
BS(t,T) — B(t, T)E, [Ps(T)/Ps(t)]

VAR, [Ps(T)/Ps(t)]

b(t,T) =

This gives a modified version of CAPM under RUE:

E, [P*(T)] _ B*(t,T) N <]Et [p$(T)} - BS(t,T)

P, (¢) B(t,T) Py(t) B(t,T)

> Boapm (Py, Py), (64)
where we use USD/RUE in place of the Market portfolio.

This RUE denominated CAPM suggests that USD/RUE is systematic risk, with striking implications for US
dollar denominated risk and return. What US dollar denominated theory considers risk-free cash is actually
pure systematic risk!

5.0.12. US Dollar Illusion
We now show that to the extent that the above is not true and USD/RUE is not systematic risk, USD/RUE
would instead appear as illusory systematic risk under any US dollar denominated theory.

Consider the quadratic variation of the US dollar denominated price of the general asset P,, via Ité

d[P, /P dP, dP, dP, dP.
AP /BN N g (RN (T T8 (65)
P, /P P, Py P, Py
Now suppose that P, is the RUE price of a diversified portfolio with a beta of one to systematic risk, and
that idiosyncratic risk has been diversified away. If systematic risk is uncorrelated with USD/RUE then

d[P,/P dP, dP,
Crim) = (%) (R &
P,/ Py P, Py
so USD/RUE risk contributes to the US dollar denominated volatility of systematic risk (i.e. systematic
risk denominated in US dollars).

Alternatively, if USD/RUE is actually systematic risk then from a US dollar denominated perspective

systematic risk disappears:
d[P*/P$] >
— = 0. 67

< P*/PEB ( )

USD/RUE is therefore an illusory undiversifiable systematic risk denominated in US dollars if it is not
already genuine systematic risk under the unbiased perspective of RUE. Perversely, the more US dollar cash
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resembles genuine systematic risk, the more it hides from US dollar denominated observations of systematic
risk.

Note that we do not propose that any version of CAPM actually holds as it is only one of many possi-
ble special cases of the general consumption-based pricing equation. But if we must use CAPM then the
above analysis hints that US dollar cash may be a reasonable approximation to systematic risk.

6. Utility Transformations

Using the consumption-based asset pricing model we here offer a risk-neutral version of the RUE framework
under which the pricing equation takes a simplified form. We show that logarithmic utility either holds
under all possible choices of base currency, or does not hold anywhere. We also show that consumption-
based asset pricing fails if the base currency asset is perfectly correlated with consumption and log-utility
does not hold. This result is relevant to our later analysis of the US Equity Risk Premium Puzzle.

6.0.13. Risk-Neutral RUE (RNR)

The RUE framework attributes risk between assets, and risk preferences are captured by the utility function
u. Here we present a useful alternative price framework that we call ‘Risk-Neutral RUE’, or RNR for short.
We define RNR, by specifying the RUE/RNR exchange rate process X (t) := u/(¢;) > 0 which tells us the
number of RNR per 1 RUE.

Recall that ratios of exchange are unaffected by multiplication of RUE prices by a general process X (t) > 0 so
if P;(t) := P;(t)X (t) is the RNR price of basis asset i for each i € {0, 1,..., N}, the ratio of exchange property
continues to hold for RNR prices as follows: E;;(t) = P;(t)/P;(t) = P;(t)/P;(t) for all ¢,j € {0,1,...,N}.

Applying the pricing equation (36) to a basis asset i zero coupon bond Bi(t, T) with RUE price P;(t)B(t,T)
at time ¢ and paying one unit of asset ¢ at time T gives

Bi(t,T)u/(c;)Pi(t) = B(t,T)E; [u (cr) Pi(T)]. (68)

Comparing this with the pricing equation (36) applied to basis asset i tells us that

BT) = exp <_ /tTEt [u/(c@ﬂ(v)yi(v)]dv) (©9)

By [u’ (co) Pi(v)]
The primary motivation for RNR is that these relationships then simplify to

Bt) = g BATIFL (70)

i B [T E[Pi(v)yi(v)]
B'(t,T) = exp( /t E, (o) dv). (71)

These relationships are sufficiently simple that direct estimation of USD/RNR from US dollar prices may be
easier than separate estimation of USD/RUE and the utility function u, as knowledge of RNR conveniently
avoids the need to know the utility function.

In terms of ratios of exchange equation (70) tells us that

(1) _ Et[jET)]/Bf(tT). (72)
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Similarly, the forward ratio of exchange E;;(t,T) € F; of E;;(T), known at time ¢, is given by

- Bi(t,T) _ Et[ﬁ)z(T)]
Eij(t,T) = Eij(t) - Bi(t,T)  EPy(T)]

(73)

Given that E;;(t) = E;;(t,t), the relationship
Eij(t,v) = Eo Pi(v)] /Eq[P; (v)] (74)

neatly summarises how spot and forward ratios of exchange are easily obtained from price processes under
the RNR numeraire.

The utility function u applied to RUE prices is equivalent to identity utility applied to RNR prices. One way
of thinking about the distinction between RUE and RNR is that multiplying RUE prices by X (¢) = u/(c¢)
changes the decomposition of risk and return between assets from what is most statistically justifiable (RUE
price dynamics), to what results in risk-neutrality (RNR price dynamics). Of course, it is possible for RUE
and RNR to coincide if identity utility holds under RUE.

6.0.14. Invariant Utility

Multiplying RUE prices by the RUE/RNR exchange rate process X (t) = u’(¢;) maps RUE prices to a world
where identity utility can be used in the pricing equation (36). Now consider a general exchange rate process
X (t) > 0 that maps RUE prices to a new version of RUE, denoted RUE-X, where the pricing equation (36)
continues to hold provided the utility function v : R — R is used instead of u.

The RUE price P;(t) of basis asset i has RUE-X price Pi(t) := P;(t)X(t). As before, the ratio of ex-
change property continues to hold for RUE-X prices with E;;(t) = P;(t)/P;(t).

Recall that the pricing equation (36) for basis asset ¢ in RUE gives
B'(t,T)u/(c;)Py(t) = Bt T)E;[u (cr) P(T)], (75)

B'(L,T) = exp (- /t TE (o) P "(”)yi(”)]dv) (76)

E; [u' (cv) Pi(v)]

The same pricing equation using RUE-X prices (remembering that the RUE-X utility function v is a function
of RUE-X denominated consumption) gives

B'(t, T (e X)) X() = Bt TE [V (erX(T)) (T)X(T)], (77)

oy o ([T B €X0) POX0)
Bt = p< [ At i) d)' (7

We obtain consistency of asset pricing under RUE and RUE-X if and only if
u(e) = ViaX([®)X(t). (79)

If X(t) = u/(ct) then v/ (ciu/(¢)) = 1 so identity utility v(z) = x will give consistent pricing under this RUE-
X which is equivalent to RNR. If log-utility holds under RUE with u(x) = logz, then taking X (¢) = u/(¢)
gives 1 = v/(1) which is true of any utility function v because utility functions are equivalent up to linear
transformations and consumption is constant denominated in this particular RUE-X numeraire. So identity
utility v(x) = = and log-utility v(x) = logz will both provide consistent pricing under RNR if log-utility
holds under RUE.

For general X (t), if log-utility holds under RUE with u/(¢;) = 1/¢; then equation (79) tells us that log-
utility also holds under RUE-X, with v/(¢; X (¢)) = 1/(¢; X (t)). Similarly, if log-utility holds under RUE-X
with v/(x) = 1/, equation (79) tells us that log-utility also holds under RUE. It follows that if log-utility
holds under any numeraire, then log-utility holds under all numeraires. Log-utility is invariant to choice of
base currency.
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6.0.15. Asset Pricing Failure Under US Dollars
If X(t) :=1/Ps(t) then RUE-X is equivalent to US dollar prices. Equation (79) becomes

u'(er) = V(e/Py(t)/Ps(t). (80)

So if log-utility holds under RUE, log-utility also holds denominated in US dollars. Similarly, if log-utility
holds denominated in US dollars then log-utility also holds under RUE.

Now consider the RUE-X numeraire defined by X (¢t) = 1/c¢;. Equation (79) tells that u'(ct)er = v/(1).
If w is log-utility then this RUE-X is RNR. Otherwise, there does not exist an equivalent utility function v
under this RUE-X. So either log-utility holds, or there exist numeraires under which no equivalent utility
function holds.

So X(t) = 1/¢; results in a RUE-X numeraire without an equivalent utility function » unless log-utility
holds. Now consider the possibility that ¢; o< Pg(t). This gives X (t) = 1/¢; o< 1/ Pg telling us that US dollar
prices are a RUE-X numeraire under which no equivalent utility function holds, unless log-utility holds. In
the event that log-utility holds, US dollar prices are RNR.

We later find that US consumption (denominated in RUE) and USD/RUE are highly correlated, so US
dollar prices are an approximation to a numeraire under which consumption-based pricing does not work
unless log-utility holds.

7. Estimating USD/RUE

USD/RUE, denoted Pg, is the RUE price of one US dollar. Here we attempt to estimate USD/RUE em-
pirically. Once USD/RUE is known, all other RUE prices can be found by multiplying US dollar prices by
USD/RUE.

The following techniques only consider covariances and so only estimate USD/RUE up to an unknown
drift rate. This unknown drift tends to cancel out when we map RUE prices back to US dollars or consider
relative drift rates such as risk premia. Given that we do not estimate drifts here we choose to set the drift
of our estimates of USD/RUE to zero.

7.0.16. Minimum Trace Method

The idea behind this approach is that the sum of the variances of the basis assets is minimised when de-
nominated in the RUE numeraire versus any other numeraire (asymptotically as the number of assets tends
to infinity). As an aide to intuition consider that correlated volatility in US dollar denominated prices
contributes to the volatility of every asset, but would be attributed once to the US dollar asset under the
RUE numeraire thus decreasing the sum of asset variances. The RUE numeraire is the numeraire where no
additional risk has been added to prices in aggregate due to risk attributable to the numeraire.

A possible way to visualise this approach is to note that at each time ¢ we know the RUE prices p;(t)
of real-world assets ¢ € {1,2,..., N} up to an unknown factor Pg(t). Plotting the points (¢,logp;(t)) =
(t,log p¥(t) +log Ps(t)) on a chart, where p$(t) is the US dollar price of real-world asset i € {1,2,..., N} at
time ¢ € [0, T, illustrates that choosing Pg(t) shifts the pattern of points up or down for that time ¢. The
Minimum Trace Method chooses to shift the points up and down at each time ¢ to minimise the total sum of
the squares of the consecutive misalignments of each asset’s estimated log RUE price between time steps. In
contrast, US dollar prices are aligned so that the points representing the log-returns of the US dollar asset
fall on the x-axis at every time t¢.
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Let us define the function

d(A: X/ P
Z< ’ X//P;) > Jdt. (81)

The value of H(Ps) is the sum of the variances of the basis assets denominated in the RUE numeraire.
Consider the following calculation via Ito:

N
B dA; dX dPs dX  dPs dA; dX _ dPs

So for any given X

_H(X) . /dX  dPs . dA; dX dPs\  /dX  dPs
Mm Y 'dt<x P$>+21\}E>r<l>o<NZ X " B/) \x &) ®

provided the variance of an equal weighted portfolio of orthogonal basis assets (with constant holdings in
the basis assets) tends to zero as the number of basis assets tends to infinity. So H(X) is minimised by
taking

dX dPs
< = ?$ + drift terms (84)

asymptotically as N tends to infinity. Let P. be our estimate of Py then Minimum Trace Method chooses
to set

P, = argn}}nH(X). (85)
This estimates dPg/Pg up to unknown drift terms. We then set the drift of our estimate to zero.

Let V € RVXN be the covariance matrix of N of the NV +1 real-world assets denominated in RUE, discarding
the real-world asset lacking volatility denominated in RUE should one exist. The matrix V is symmetric
positive-definite and so an orthogonal matrix Q € RNV*¥ exists such that V = QDQ” where D € RV*N ig
diagonal. It then follows by standard linear algebra that the trace of V equals the trace of D, tr(V) = ¢r(D).

We define the risky components of our basis assets so that they have diagonal covariance matrix D. The
risky basis assets can therefore be thought of as the result of a principal components analysis decomposition.

If real-world asset ¢ has a constant holding h;; € R in basis asset j then

N
pi = > hiyP;, (86)
=0
N
dpi = Zhijdpja (87)
dp; hz P; dP
I Zwm (88)

pi =0

where we denote the weight real-world asset ¢ holds in basis asset j by w;; := h;; Pj/p;. Then

(D);; = <d]f d§>/dt—o25m (89)
N N N N

V) = <Z dpy 5y dePRn> fdt =" wiwjm (D)km, (90)
k m=0 m k=1m=1

19



so we know that V.= WDW7 where we define the matrix W € RV*¥ elementwise by (W);; = w;; for
i,je{l,2,...,N}.

Comparison with the principal components decomposition suggests we can interpret Q as the matrix of
weights W. Note that the weights in this matrix will not generally add up to one because the matrix W

does not include the weights w;; for 4,5 € {0,1,..., N} where either ¢ or j is zero®.

The quantity H(Ps) is the sum of the variances of the basis assets, which equals the trace of the covariance
matrix, (V). Traces of covariance matrices are invariant to change of basis. So the RUE numeraire can
be estimated as the numeraire that minimises the sum of the variances of our real-world assets without us
needing to worry about change of basis. We numerically estimate USD/RUE by minimising the trace of the
covariance matrix of real-world asset returns denominated in our estimate of RUE.

Recall that pf(t) is the US dollar price of real-world asset i € {1,2,..., N} at time ¢ € [0,7]. Denote
the US dollar denominated log-return x;; of real-world asset i at time ¢t = jAt where At = T'/J for some
JeNforje{l,2,...,J} by

zij = logpi(jAt) —logpi((j — 1)AL). (91)

We let i = 0 represent the US dollar asset with xo; =0 for all j € {1,2,...,J}. Let 2z; be the log-returns of
our estimate of USD/RUE,

zj = log P.(jAt) —log P.((j — 1)At). (92)
Our estimated RUE denominated log-return of asset i at time ¢ is then
log [pf (A6 P.(jA1)] — log [pE(( = DAOP(( — DAY =25+ 2. (93)

So in order to minimise the sum of the variances of our RUE denominated assets, including the RUE
denominated variance of the US dollar asset, we minimise the quantity © given by

, NI o,
© = ﬁiﬂ;(xij+%‘—xi—z)a (94)
where
1< 1<
T = j;xikv Z:= N kz::lzk. (95)

We choose to set Z = 0. Differentiating © with respect to z,, for each m € {1,2,...,J} and setting the
partial derivatives 0©/0z,, to zero then gives

1< R R
P.(mAt) = P.((m—1)At)-exp (zm). (97)

80verall there are (N + 1)? weights w;; for i,j € {0,1,...,N}. Taking W = Q tells us N2 of these weights. Requiring
weights to add to one for each real-world asset tells us an additional N + 1 weights, leaving us with N unknowns representing
the unknown weights the discarded real-world asset holds in the basis assets.

20



7.0.17. Iterative Method

Here we offer an iterative method for estimating USD/RUE that is dependent on robustly estimating the
composition of the risk-free asset Ag. We know that Ag is instantaneously risk-free under RUE, so if we
know the US dollar denominated value of the risk-free asset Ag/Pg we can estimate Pg up to unknown drift
terms by

A
dlogPs = —dlog ?O + drift terms. (98)
$

The obvious problem with this approach is that we don’t know the composition of the risk-free asset Ag
until we know Pg. One possible solution is to use an iterative approach.

Let Pe(") denote our estimate of Py at the mth iteration and let A(()n) denote our estimate of Ag at the

nth iteration by forming a minimum variance portfolio denominated in RUE using Pe(n) to estimate RUE
prices. Consistent with our earlier notation we define

A" = log PM(jAL) —log PM((j — 1)At), (99)

and initialise with Zj(o) =0forall je{1,2,...,J}

Let V(™) denote our estimate of the covariance matrix of the RUE denominated real-world assets V (includ-
ing the US dollar asset) at iteration n, then we can estimate the element (V(™)),; using the usual covariance
estimator for all 4,5 € {0,1,...,N}:

J

J J
% Z(Ilk‘ + Zl(cn))(zjk + Zl(cn)) _ ﬁ <Z(I1k 4 Z](gn))> (Z(Ijk + Z]E;n))> .

k=1 k=1 k=1

We then find the column vector of weights w € RV*! that minimises portfolio variance under RUE given by
wl V(™ w. We use a regularisation parameter A\; > 0 to avoid over-fitting. This is important to ensure our
estimate of Ay is a diversified portfolio. We also demand that the weights sum to one, e%, W = 1, where
eny1 € RV s a column vector of ones. This motivates the following Lagrangian:

L = %WTV(”)W + %AleW — o€y w—1), (100)
where Ay € R is a Lagrange multiplier.
Minimising this gives

oL = Vw4 MW — denys =0, (101)

I V(n) -1
W = T[/\l N+1+ ] e];/_,_l ’ (102)
en i MIng + VO ~teny,

where Iy ; € RVFDX(N+D) g ap identity matrix.

If we denote the column vector of US dollar denominated real-world asset prices by p® € RN*! with
(%) = p? fori e {1,2,...,N} and (p$)0 = 1 we can iterate as follows, using the expectation term to keep

the drift of dlog Pe(n) constant:

(n)

dlog P"Y) .= _dlog P(()") +E

€

Pe(n)

(n)
dlog AO] , (103)

—1

ehiq [MIng + V] pf p)

e%_i_l [)\11]\/4_1 + V(n)] -t eN+1 ‘
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So numerically, if z™) € R’ is a column vector defined by (z(™); = ZJ(-n) and x € RN+DXJ g 4 matrix
defined by (x);; = x;; for all (4,5) € {1,2,...,N} x {1,2,...,J} with (x)o; =0 for all j € {1,2,...,J} we

estimate

-1
LD . {é?w_l} X7 [Mlygr + VO] ey

-1 )
J en 1 MIni+ VO] eng
where e; € R” is a column vector of ones, and I; € R7*” is an identity matrix.

The Iterative Method can be considered a generalisation of the Minimum Trace Method, because as the
regularisation parameter \; tends to infinity, USD/RUE estimated by the Iterative Method tends to that
estimated via the Minimum Trace Method.

8. Equity Risk Premia Puzzle

Here we apply our estimates of USD/RUE to examine the US Equity Risk Premium Puzzle. We propose
that the puzzle can be explained by the arbitrary definition of US dollars as the risk-free asset under the
usual base currency approach, and high positive correlation between US consumption denominated in RUE
and USD/RUE. We hypothesise that this correlation arises from widespread pegging of US salaries and
budgets to US dollar denominated constants.

8.0.18. FEquity Risk Premia Puzzle

In 1985, Mehra and Prescott [8] demonstrated that (using the language of modern finance with its usual
US dollar centric perspective on risk) ‘the return earned by a risky security in excess of that earned by a
relatively risk-free T-bill was an order of magnitude greater than could be rationalised in the context of the
standard neoclassical paradigms of financial economics, as a premium for bearing risk’. This became known
as the Equity Risk Premium Puzzle.

Applying our pricing equation (36) to one unit of a general asset P, with price P,(t) € R at time ¢ and Net
Income Yield y,(t) € R gives:

BETE N ) PO ([T Bl () P ()]
Pt p</ B[ () Pu(0) d)' 1oy

Applying the pricing equation to an asset P, zero coupon bond B*(¢t,T) with RUE price P, (t)B*(¢t,T) at
time ¢ and paying one unit of asset P, at time T gives

u'(e)P(t)B*(t,T) = B(t,T)E: [ (cr) Pu(T)B*(T, T)] (105)

For a RUE zero coupon bond B(¢,T) paying out 1 RUE at maturity the pricing equation gives
W (c)B(t,T) = B, T)E:[u (er)]. (107)

From the definition of covariance it follows that

cov, [u (er)., ];;*((m _E {u (er) (t)} “E, [t (1)) Ex 1;**(({))} (108)
. ;(/fi})) (B*(t,T) — B(t,T)E, {I;;*(“T))D . (109)



Rearranging and noting that correlations are in [—1, 1] gives

P(T)] B*(t.T)|, P.(T) stdev (' (cr))
e [P*(t)] - B(t,T) [stdev < R(t)) = E. [v (cr)] (110)

where stdev(X) denotes the standard deviation of X.

If a power utility function with constant relative risk aversion (CRRA) is assumed then u/(z) = 277,
where ~y is the Arrow-Pratt measure of relative risk aversion. If we also assume that consumption growth is
lognormal then:

defey = pedt + o dW, (111)
du'(ce)/u/(cr) = (—ype +v(1+7)02/2)dt — yo dW,, (112)
/ T T
s~ o [ e atds—o [ o, (113)
U (Ct) t t

where p. and o, are the drift and volatility, respectively, of consumption that is driven by a Brownian
motion W¥. Assuming constant drifts and volatilities, with the drift and volatility of asset P, being u, and
o, respectively, and taking T' =t + 1, we then obtain

stdev (v’ (cr))
EWC T e
stdev (];;({))) R Oy, (115)

P.(T)
E ~ 1 . 116
RG] = e o
The inequality (110) becomes
B*(t,t +1)
‘14'#*—“_'_1‘/ Ox < 70c. (117)

If we set asset P, to be a portfolio holding the S&P 500 with dividends reinvested then B*(¢,t+1) =1 and
the left hand side of equation (117) is recognisable as the Sharpe ratio of asset P,.

When equation (117) is applied (erroneously?) to the S&P 500 denominated in US dollars with reinvested
dividends and using US dollar denominated zero coupon bonds, « is found to be too high. In the 79 years
from end 1929 to end 2008, the Sharpe ratio of the S&P 500 index denominated in US dollars with dividends
reinvested has been 0.4. The standard deviation of US consumption per capita!® denominated in US dollars
over the same period has been 5.5%. This suggests risk-aversion v > 6.5. This contrasts with research on
investor behaviour that suggests that risk aversion is likely to be smaller and in the range 1-3 (Friend and
Blume [9] estimated it to be larger than 1 on average and probably in excess of 2). This mismatch between
US dollar denominated theory and empirical evidence is the Equity Risk Premium Puzzle. The puzzle is
made more extreme by the fact that the S&P 500 is unlikely to be on the efficient frontier, so there probably
exist portfolios of assets that imply even higher risk aversion.

One of the possible explanations for the puzzle is luck. The time-spans over which the Sharpe ratio is
typically measured, 50-100 years, are much shorter than those required to estimate drift rates with statisti-
cal significance. Another possible explanation is that US consumption is a poor proxy for the consumption

9Due to the implicit assumption that US dollars are risk-free.
10Not seasonally nor inflation adjusted. Sourced from the U.S. Bureau of Economic Analysis.
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Figure 1: USD/RUE estimated from CRSP S&P 500 value and equal weighted indices, and 90 and 30 day Treasury bill indices.

of a global stand-in household. However, the failure to account for base currency risk in the US dollar
denominated formulation of the Equity Risk Premium Puzzle is an oversight that introduces bias, indepen-
dently of the problems that arise from statistical estimation and choice of stand-in consumption estimate.

Equation (117) is the formulation of the Equity Risk Premium puzzle in the RUE numeraire. Using the
Minimum Trace and Iterative methods we estimate USD/RUE using annual data from end 1929 to end 2008.
We use the CRSP S&P 500 universe value weighted and equal weighted indices with dividends reinvested!!,
and 90 and 30 day Treasury bill indices. We then numerically find a time-series estimating USD/RUE using
both the Minimum Trace Method and the Iterative Method with regularisation parameter A; = 1.

We estimate B(t,t + 1) = 1/(1 + R) in each case by taking R as the return of the minimum variance
portfolio as a linear combination of assets under our estimated RUE numeraire.

Using the Minimum Trace Method we calculate a RUE denominated Sharpe ratio of 0.2 for the S&P
500 with dividends reinvested. The volatility of consumption per capita denominated in RUE is 9.5% which
suggests v > 2.5 which is within the range expected.

Using the Iterative Method we calculate a RUE denominated Sharpe ratio of 0.2 for the S&P 500 with
dividends reinvested. The volatility of consumption per capita denominated in RUE is 11.7% which sug-
gests v > 1.3 which is also within the range expected, and is a significant improvement on the US dollar
denominated analysis.

The Sharpe ratio of the S&P 500 denominated in RUE tends to be lower than the Sharpe ratio denom-
inated in US dollars. This is due to our estimate of the RUE denominated risk-free rate being higher
than the US dollar denominated return on 30-day Treasury bills. Assets with small US dollar denominated
volatility, such as Treasury bills, have high positive correlation with USD/RUE. Denominated in RUE they
then have volatility similar to that of USD/RUE, so do not automatically receive preferential weightings
in the RUE denominated minimum variance portfolio used to estimate the composition of the risk-free asset.

HThese assets have dividends reinvested, so we can assume zero Net Income Yields.
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We also estimate that consumption per capita is highly positively correlated with USD/RUE with an esti-
mated correlation coefficient of +82.4% using the Minimum Trace Method, and +88.7% using the Iterative
Method. This reduces our lower bound for risk-aversion versus the US dollar denominated analysis and also
suggests that US dollars are an approximation to a numeraire under which consumption-based asset pricing
fails unless log-utility holds.

This estimated correlation stems from the empirical fact that consumption denominated in US dollars
has been stable, with lower volatility than that exhibited by USD/RUE. Even without going through the
USD/RUE estimation procedure, this result is plausible in light of the contrast between the small volatility
of consumption per capita denominated in US dollars, and the relatively large volatility of other assets
denominated in US dollars.

We hypothesise that this correlation is a natural result of widespread pegging of income and expenditure
in RUE to USD/RUE in the United States. For example, US salaries are commonly specified in advance in
US dollars and so average salaries do not vary a great deal denominated in the US dollar asset. Similarly,
budgets of US companies and the US government are widely denominated and fixed in US dollars over
various periods, pegging US consumption in RUE to USD/RUE.

To conclude, we find no risk premium puzzle under the RUE numeraire. This is an encouraging improve-
ment on the US dollar denominated analysis and suggests that consumption-based asset pricing models are
worthy of further research under the RUE numeraire.

9. Conclusion

Existing theory makes adjustments for inflation as a drift in purchasing power over extended time periods.
But cursory examination of foreign exchange rates tells us that the relative purchasing power of different
fiat currencies is volatile on a daily basis. So it may be reasonable to expect inflation to be a volatile process
that exhibits risk (as well as drift) over all time periods.

In this paper we presented a new approach that parametrises ratios of exchange between assets by as-
signing each asset a price process denominated in units we call the ‘Ratio Unit of Exchange’, or RUE for
short. The RUE framework arises from the three core principles of (i) no arbitrage, (ii) equal treatment of
all assets, and (iii) recognition of base currencies as assets.

The point of RUE is that its symmetrical construction corrects for the preferential treatment of base cur-
rency assets under base currency denominated theory, and allows base currencies to exhibit volatile inflation
if warranted by empirical evidence. Prices denominated in a fiat base currency can then be seen to be a
perspective coloured by the asymmetrical and arbitrary choice of a particular base currency asset.

The usual approach of denominating prices in an arbitrarily chosen base currency asset does not attribute
risk fairly between assets. In particular, no risk is attributed to the base currency asset. The RUE framework
is a way of working under a generalised numeraire that coincides with the usual base currency approach if
and only if our base currency asset has constant price of one denominated in RUE. Another way of thinking
about this is that rather than an arbitrarily selected base currency asset being assumed risk-free, the com-
position of the risk-free asset is left general and open to later evidence-based estimation.

An orthogonal basis of investable assets with geometric Brownian dynamics was introduced denominated
in RUE, and this basis includes the risk-free asset. The basis can be thought of as the result of a principal
components analysis decomposition applied to the returns of RUE denominated real-world composite assets.
The basis is assumed to span all possible investable assets.
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The value of any asset denominated in its own value is identically one. This means that a US dollar
cash account earns zero spot rate due to movements in the RUE price of US dollars, and so relies on wealth
to flow into the account if spot rates are to be positive as empirically observed. A ‘Net Income Yield’
mechanism was introduced to allow for transfers of wealth that result in non-zero spot and forward yields.

Consistent with the principle of equal treatment of all assets, every basis asset is associated with a cor-
responding Net Income Yield process that results in a transfer of wealth to holders of that basis asset. The
Net Income Yield of the Market portfolio was shown to be zero because Net Income Yields are transfers of
wealth, and the Market portfolio already holds all assets.

The risk-free rate of return is composed of the RUE price drift and Net Income Yield enjoyed by hold-
ers of the risk-free asset. This rate of return was shown to be unique but not necessarily positive. A one
RUE risk-free bond paying a Net Income Yield equal to the risk-free rate has zero volatility and drift de-
nominated in RUE due to the uniqueness of the risk-free rate, and so is the base currency asset equivalent
to the RUE numeraire.

When viewed from the usual base currency denominated perspective, the RUE framework predicts that
the variances of different assets will vary together in response to variation in base currency asset volatility,
with higher base currency volatility tending to result in higher asset volatilities. The correlations between
base currency denominated asset returns will also tend to be higher when base currency volatility is higher
and vice-versa. These predictions are consistent with the empirically observed behaviour that volatilities
tend to move together, with correlations between asset returns tending to be higher when volatilities are
higher and vice-versa.

A consumption-based asset pricing equation, whereby current prices are assumed to be the result of optimal
trading strategies maximising expected aggregate utility, was derived denominated in RUE. Instantaneous
forward yields were then shown to be the result of expected future Net Income Yields, and so instantaneous
spot and forward yields on the Market portfolio are identically zero.

The price of zero coupon bonds was derived and the usual formula for forward foreign exchange rates
was obtained. Forward foreign exchange rates were shown to be biased predictors of future spot foreign
exchange rates, as empirically observed.

CAPM is a special case of the consumption-based pricing equation and was derived denominated in RUE.
This derivation told us that the empirically high correlation between US consumption denominated in RUE
and the RUE price of US dollars suggests that US dollar cash may be a better approximation to systematic
risk than the Market portfolio. Moreover, we showed that to the extent that this is not true, US dollars will
instead appear as illusory systematic risk in US dollar denominated prices.

A special numeraire under which identity utility holds was introduced, and how utility functions trans-
form under change of numeraire was explored. Log-utility was shown to be invariant to choice of base
currency, so either holds under all numeraires or under none. Consumption-based asset pricing was shown
to fail under base currencies perfectly correlated with consumption unless log-utility holds. Given that the
RUE price of US dollars is highly correlated with US consumption, US dollars are an approximation to a
numeraire under which consumption-based asset pricing fails unless log-utility holds. Furthermore, if log-
utility holds, US dollar prices would appear risk-neutral.

Two possible ways to estimate the exchange rate between US dollars and RUE were presented. The Min-
imum Trace Method involves estimating RUE to minimise the sum of the variances of real-world assets
denominated in our estimated RUE numeraire. The Iterative Method is a generalisation of the Minimum
Trace Method that relies on robustly estimating the composition of the risk-free asset under RUE. Both of
these techniques were employed to estimate RUE empirically.
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The US Equity Risk Premium Puzzle was imported into the RUE framework and our empirical estimates
of RUE were used to calculate lower bounds for risk aversion. These bounds were in broad agreement with
expectations, resolving the puzzle. There are two main effects that reduce this lower bound. Firstly, US
dollars are an arbitrarily defined risk-free asset when using US dollars as a base currency. Secondly, high
correlation between the US dollar asset and US consumption per capita, denominated in RUE, suggests that
US dollars are an approximation to a numeraire under which consumption-based asset pricing fails unless
log-utility holds. We hypothesise that this correlation is a result of widespread pegging of US income and
expenditure to US dollar denominated constants.

To conclude, the RUE framework is a very general approach with wide applicability. It provides a par-
simonious solution to the problem of arbitrary base currency choice and generalises existing theory.
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